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PERELMAN’S λ-FUNCTIONAL ON MANIFOLDS WITH CONICAL
SINGULARITIES
XIANZHE DAI AND CHANGLIANG WANG
Abstract. In this paper, we prove that on a compact manifold with isolated conical
singularity the spectrum of the Schro¨dinger operator −4∆+R consists of discrete eigen-
values with finite multiplicities, if the scalar curvature R satisfies a certain condition
near the singularity. Moreover, we obtain an asymptotic behavior for eigenfunctions
near the singularity. As a consequence of these spectral properties, we extend the theory
of the Perelman’s λ-functional on smooth compact manifolds to compact manifolds with
isolated conical singularities.
1. Introduction
Let (M, g) be a compact Riemannian manifold without boundary. We recall some Rie-
mannian functionals introduced by G. Perelman to study Ricci flows[Per02]. The F-
functional is defined by
(1.1) F(g, f) =
∫
M
(Rg + |∇f |)e−fdvolg,
where Rg is the scalar curvature of the metric g, and f is a smooth function on M . Let
u = e−
f
2 , then the F-functional becomes
(1.2) F(g, u) =
∫
M
(4|∇u|2 +Rgu2)dvolg.
The Perelman’s λ-functional is defined by
(1.3) λ(g) = inf{F(g, u) |
∫
M
u2dvolg = 1}.
Clearly, from (1.3) and (1.2), λ(g) is the smallest eigenvalue of the Schro¨dinger operator
−4∆g+Rg. Since, in this case, the smallest eigenvalue is simple, λ(g) and the correspond-
ing normalized positive eigenfunction depend smoothly in g (see e.g. [DWW05]). Let g(t),
for t ∈ (−ǫ, ǫ), be a smooth family of metrics with g(0) = g0 and ddtg(t)|t=0 = h. The first
variation formula of the λ-functional is given by[Per02]
(1.4)
d
dt
λ(g(t))|t=0 =
∫
M
〈−Ricg0 −∇2g0f, h〉g0e−fdvolg0 .
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From the formula (1.4), we can see that the critical points of the λ-functional are the
steady Ricci solitons, which are actually the Ricci flat metrics because the manifold is
compact. Moreover, the gradient flow of the λ-functional is the Ricci flow up to diffeo-
morphisms, and thus the λ-functional is nondecreasing along the Ricci flow.
At a critical point of the λ-functional, i.e. a Ricci flat metric g0, the second variational
formula of the λ-functional is
(1.5)
d2
dt2
λ(g(t))|t=0 = e−f
∫
M
〈−1
2
∆L,g0h + δ
∗
g0
δg0h+
1
2
∇2g0(νh), h〉g0dvolg0,
where ∆g0νh = −δg0(δg0h), ∆L,g0 is the Lichnerowicz Laplace with respect to the metric
g0, δg0 is the divergence, and δ
∗
g0
is the adjoint of δg0 . This formula is the key to the study
of stability of Ricci flat metrics and Ricci flow (see, e.g. [Ses06], [Has12], and [HM14]).
Perelman also introduced and studied W -functional and µ-entropy on smooth compact
manifolds in [Per02]. The second variation formula of corresponding ν-entropy was de-
rived in [CHI04] and [CZ12]. The W -functional on noncompact manifolds was studied in
[Zha12].
In this paper we develop Perelman’s λ-functional on a class of singular manifolds, the
manifolds with isolated conical singularities. Recent advances have demonstrated the im-
portance of singular manifolds in that they are not only important in themselves but also
provide a powerful tool for the study of smooth metrics, see, [CDS15] and [Tian15]. Rie-
mannian manifolds with conical singularities also naturally appear as Gromov-Hausdorff
limits of smooth manifolds, and as singularities of Ricci flow. These motivate us to study
Riemannian manifolds with conical singularities, in particular, the theory of Perelman’s
λ-functional on these manifolds.
As we have seen that the λ-functional on a compact smooth manifold is the same as
the smallest eigenvalue of the Schro¨dinger operator −4∆ + R. We will take this spec-
tral viewpoint in developing Perelman’s λ-functional on compact manifolds with isolated
conical singularities. Spectral theory for Laplacians on manifolds with conical singularity,
initiated by Cheeger[Che79], has a long history and is relatively well understood. The
complication here comes from the singular potential caused by the conical singularity.
Therefore, we first extend the spectral theory for the Schro¨dinger operator −4∆ + R to
compact Riemannian manifolds with isolated conical singularities.
Roughly speaking, by a compact Riemannian manifold with isolated conical singular-
ities we mean a singular manifold (M, g) whose singular set S consists of finite many
points and its regular part (M \ S, g) is a smooth Riemannian manifold. Moreover, near
the singularities, the metric is asymptotic to a (finite) metric cone C(0,1](N) where N is a
compact smooth Riemannian manifold with metric h0 which will be called a cross section
(see §1 for the precise definition). Our first main result establishes the spectral theory for
the Schro¨dinger operator with singular potential −4∆+R on the manifolds with isolated
conical singularities.
3Theorem 1.1. Let (Mn, g) (n ≥ 3) be a compact Riemannian manifold with isolated
conical singularity. If the scalar curvature of the cross sections at the conical singularities
Rh0 > (n − 2) on N , then the operator −4∆g + Rg with domain C∞0 (M \ S) is semi-
bounded, and the spectrum of its Friedrichs extension consists of discrete eigenvalues with
finite multiplicities λ1 < λ2 ≤ λ3 ≤ · · · , and λk → +∞, as k → +∞. The corresponding
eigenfunctions form a complete basis of L2(M)
Remark 1.2. For 2-dimensional manifolds with conical singularities, the curvature is
flat for the model cone and no assumption is needed in this case. The analysis and result
essentially follow from Cheeger [Che79].
Remark 1.3. Similarly the result extends to the Schro¨dinger operator −∆g + cRg for
constant c, where the scalar curvature condition becomes Rh0 >
(n−1)[4c(n−2)−(n−3)]−1
4c
. For
example, for the well known conformal Laplacian −∆g + n−24(n−1)Rg, the scalar curvature
condition becomes Rh0 > 0.
Thus on a compact manifold with isolated conical singularities and dimension ≥ 3, we
need the geometric condition Rh0 > (n − 2) to guarantee that the Friedrichs extension
of the Schro¨dinger operator −4∆g + Rg exists and its spectrum behaves nicely as in the
smooth case. This may be somewhat surprising and we make some further comments
below.
Let C(N, h0) = (R+ × N, g = dr2 + r2h0) be the Riemannian cone over a compact
(n-1)-dimensional smooth Riemannian manifold (Nn−1, h0). Then the Laplcian and the
scalar curvature on the cone are given by
∆g = ∂
2
r +
n− 1
r
∂r +
1
r2
∆h0,(1.6)
Rg =
1
r2
[Rh0 − (n− 1)(n− 2)].(1.7)
Thus the operator −4∆+R is a Schro¨dinger operator with singular potential R, which
behaves like O( 1
r2
) as r → 0. This type of operators have been studied in several lit-
eratures, see e.g. [BS87] and [RS75]. The simplest example of this type of operators is
mentioned in [BS87]. That is, the unbounded operator La = − d2dx2 + ax2 in L2(R+) with
the domain D(La) = C
∞
0 (R+), where a ∈ R is a constant and R+ = (0,+∞). By using
Hardy’s inequality, one can easily see that the operator La is non-negative if and only if
a ≥ −1
4
.
Moreover, in [RS75], M. Read and B. Simon studied the Schro¨dinger operator with
a spherically symmetric potential: −∆ + V (r) on Rn, where r = (∑ni=1 x2i ) 12 . They
proved that if V (r) + (n−1)(n−3)
4
1
r2
≥ 3
4r2
, then −∆ + V (r) is essentially self-adjoint on
C∞0 (R
n \ {0}), and if V (r) satisfies 0 ≤ V (r)+ (n−1)(n−3)
4
1
r2
≤ c
r2
, c < 3
4
, then −∆+V (r)
is not essentially self-adjoint on C∞0 (R
n \ {0}) (see Theorem X.11 in [RS75]).
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We should also point out that in [BP03], B. Botvinnik and S. Preston proved that the
spectrum of the conformal Laplacian on a compact Riemannian manifold with isolated
tame conical singularities consists of discrete eigenvalues with finite multiplicities. The
conformal Laplacian −∆ + n−2
4(n−1)R is a similar singular Schro¨dinger operator. A tame
conical singularity is given as a cone over a product of the standard spheres. Therefore,
the scalar curvature of the cross section of a tame conical singularity clearly satisfies the
condition in Theorem 1.1 (see the Remark after), and Theorem 1.1 gives more general
result in this case.
The general idea of the proof of Theorem 1.1 is similar to the one in [BP03]. We
use certain weighted Sobolev spaces that can be compactly embedded in L2(M). And
by doing some estimates, we show that the operator −4∆ + R is semi-bounded and the
domain of its self-adjoint Friedrichs extension is in a weighted Sobolev space. Then we
can use the spectrum theorem for self-adjoint compact operators to obtain the property
of the spectrum of the operator −4∆ +R.
Theorem 1.1 enables us to define the λ-functional on manifolds with isolated conical
singularities, as the smallest eigenvalue of −4∆ + R. However, for deriving variational
formulae of the the λ-functional, certain asymptotic behavior of eigenfunctions near sin-
gularities is necessary. This is our second main result in this paper.
Theorem 1.4. Let (Mn, g, p) be a compact Riemannian manifold with (for simplicity) a
single conical point p satisfying Rh0 > (n− 2) and
(1.8)
ri|∇i+1(hr − h0)| ≤ Ci < +∞,
for some constant Ci, and each 0 ≤ i ≤ n
2
+ 2,
near p. Then eigenfunctions of −4∆g +Rg satisfy
(1.9) |∇iu| = o(r−n−22 −i), as r → 0,
for i = 0 and 1.
Moreover, if the singularity is cone-like, eigenfunctions have asymptotic expansion at
the conical singularity p as
(1.10) u ∼
+∞∑
j=1
+∞∑
l=0
pj∑
p=0
rsj+l(ln r)puj,l,p,
where uj,l,p ∈ C∞(Nn−1), pj = 0 or 1, and sj = −n−22 ±
√
µj−(n−2)
2
, where µj are eigen-
values of −∆h0 +Rh0 on Nn−1.
Remark 1.5. After we finish this paper, we notice the very recent paper of T. Ozuch
[Ozu17], in which he studies Perelman’s functionals on cones from a different viewpoint.
And reuslts of his paper partially overlap with some of the results in this paper. More
interestingly he uses these results to study Ricci flows coming out of a cone.
5On a manifold with a cone-like singularity, a small neighborhood of the singularity is a
finite exact cone over a compact smooth manifold. In this neighborhood, we can separate
variables and explicitly solve the eigenfunction equations in term of eigenfunctions on
the cross section of the cone and some hypergeometric functions. By using classical
elliptic estimates and some estimates for the hypergeometric functions, we then obtain
the asymptotic expansion (1.10) of eigenfunctions on manifold with a cone-like singularity.
On a manifold with a conical singularity, we cannot do explicit calculations. Therefore,
instead, we establish some estimates to obtain an asymptotic order near the singularity
for eigenfunctions in (1.9). We first work on small finite cones, on which we can ob-
tain some weighted Sobelov inequalities and weighted elliptic estimates by using scaling
technique. The asymptotic condition (1.8) for the asymptotically conical metric implies
weighted Sobelov norms and weighted Ck-norms with respect to exactly conical metric
dr2+ r2h0 are equivalent to ones with respect to asymptotically conical metric dr
2+ r2hr.
Then these weighted Sobelov inequality and weighted elliptic estimates still hold on an
asymptotic finite cone. This implies the asymptotic behavior of the eigenfunctions in (1.9)
by using elliptic bootstrapping. And finally, we obtain variation formulae of λ-functional
on compact manifolds with a single conical singularity with the help of the asymptotic
information. Then, from the first variaiton formula, we obtain the monotonicity of the
λ-functional along the ricci flow preserving conical singularities. And this monotonicity
property of the λ-functional implies the no steady or expanding breather result for the
ricci flow preserving conical singularities.
The W -functional functional and µ-entropy on compact manifolds with isolated coincal
singularities will be discussed in a subsequent paper.
2. Manifolds with Isolated Conical Singularities
As mentioned in the introduction, roughly speaking, a compact Riemannian mani-
fold with isolated conical singularities is a singular manifold (M, g) whose singular set
S consists of finite many points and its regular part (M \ S, g) is a smooth Riemannian
manifold. Moreover, near the singularities, the metric is asymptotic to a (finite) metric
cone C(0,1](N) where N is a compact smooth Riemannian manifold with metric h0. More
precisely,
Definition 2.1. We say (Mn, d, g, p1, · · · , pk) is a compact Riemannian manifold with
isolated conical singularities at p1, · · · , pk, if
• (M, d) is a compact metric space,
• (M0, g|M0) is an n-dimensional smooth Riemannian manifold, and the Riemannian
metric g induces the given metric d on M0, where M0 =M \ {p1, · · · , pk},
• for each singularity pi, 1 ≤ i ≤ k, their exists a neighborhood Upi ⊂ M of pi
such that Upi ∩ {p1, · · · , pk} = {pi}, (Upi \ {pi}, g|Upi\{pi}) is isometric to ((0, εi)×
Ni, dr
2 + r2hr) for some εi > 0 and a compact smooth manifold Ni, where r is
a coordinate on (0, εi) and hr is a smooth family of Riemannian metrics on Ni
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satisfying hr = h0+o(r
αi) as r → 0, where αi > 0 and h0 is a smooth Riemannian
metric on Ni.
Moreover, we say a singularity p is a cone-like singularity, if the metric g on a neigh-
borhood of p is isometric to dr2 + r2h0 for some fixed metric h0 on the cross section
N .
Remark 2.2. In the rest of this paper, we will only work on manifolds with a single
conical point as there is no essential difference between the case of a single singular point
and that of multiple isolated singularities. And all our work and results for manifolds with
a single conical point go through for manifolds with isolated conical singularities.
The systematic study of manifolds with conical singularities began with the seminal
work of Cheeger [Che79] and continued through a series of work of Cheeger and other
people. Most of the work concerns the Hodge-Laplacian and the analysis is done on the
smooth part, using L2 spaces. Since the Hodge-Laplacian is nonnegative, it has a natural
self-adjoint extension, the Friedrichs extension. They are usually not the only self-adjoint
extensions however, as the so called ideal boundary conditions of Cheeger give more subtle
ones.
In our case, as usual, one does analysis away from the singular set. However, the
existence of Friedrichs extension is much more subtle, and to control the behavior near
the singularity, we employ weighted Sobolev spaces, defined in the next section.
3. Weighted Sobolev Spaces
In this section, we define certain weighted Sobolev spaces on compact Riemannian man-
ifolds with conical singularities and establish the compact embedding property for the
weighted Sobolev spaces.
Sobolev spaces are one of the basic tools to study elliptic operators on compact man-
ifolds. However, usual Sobolev spaces and relevant results cannot be directly applied to
elliptic operators on non-compact manifolds. Instead, weighted Sobolev spaces on com-
plete non-compact manifolds, especially on Rn and asymptotically flat manifolds, have
been extensively studied and used to study the Laplacian and other elliptic operators on
non-compact manifolds, see, e.g. [Bar86], [Can81], [CBC81], [CSCB78], [Loc81], [LP87]
[LM85], [McO79], and [NW73]. Weighted Sobolev spaces on various interesting domains
in Rn have been intensively studied as well and used to study partial differential equations
on these domains, see, e.g. [KMR97], [Kuf85], [Tri78], and [Tur00].
On Rn and asymptotically flat manifolds, the distance function from a fixed point gives
a weight function in weighted norms. On a cone, the radial coordinate (the distance
function from the tip) naturally provides a weight function. By using this weight function
near the tip, B. Botvinnik and S. Preston introduced certain weighted Sobolev spaces
on manifolds with tame conical singularities to study the conformal Laplacian on these
singular manifolds in [BP03]. Inspired by their work, we define similar weighted Sobolev
7spaces on manifolds with isolated conical singularities. Here we adopt weight indices as
in [Bar86] so that scaling technique can be conveniently used in §8.
Let (Mn, g, p) be a compact Riemannian manifold with a single conical singularity at
p, and Up be a conical neighborhood of p such that (Up \ {p}, g|Up\{p}) is isometric to
((0, ǫ)×N, dr2 + r2hr). For each k ∈ N and δ ∈ R, we define the weighted Sobolev space
Hkδ (M) to be the completion of C
∞
0 (M \ {p}) with respect to the weighted Sobolev norm
(3.1) ‖u‖2
Hk
δ
(M) =
∫
M
(
k∑
i=0
χ2(δ−i)+n|∇iu|2)dvolg,
where∇iu denotes the i-times covariant derivative of the function u, and χ ∈ C∞(M\{p})
is a positive weight function satisfying
(3.2) χ(q) =
{
1 if q ∈M \ Up,
1
r
if r = dist(q, p) < ǫ
4
,
and 0 < (χ(q))−1 ≤ 1 for all q ∈M \ {p}.
For the simplicity of notations, we set Hk(M) ≡ Hkk−n
2
(M). Then
(3.3) ‖u‖2Hk(M) =
∫
M
(
k∑
i=0
χ2(k−i)|∇iu|2)dvolg.
We have the following compact embedding of Hk(M) into L2(M).
Theorem 3.1. The continuous embedding
(3.4) i : Hk(M) →֒ L2(M)
is compact for each k ∈ N.
Clearly the key here is to prove the analogous compact embedding result on the model
finite cones. Let (Cǫ(N), g) = ((0, ǫ) × N, dr2 + r2h) be a finite cone, where h is a
Riemannian metric on compact manifold N . The weighted Sobolev norm then becomes
(3.5) ‖u‖2Hk(Cǫ(N)) =
∫
Cǫ(N)
(
k∑
i=0
1
r2(k−i)
|∇iu|2)dvolg.
We first establish the following
Lemma 3.2. The continuous embedding
i : Hk(Cǫ(N)) →֒ L2(Cǫ(N))
is compact for each k ∈ N.
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Proof. Clearly ‖u‖Hk(Cǫ(N)) ≥ ‖u‖Hl(Cǫ(N)), for k ≥ l ∈ N (and ǫ ≤ 1; otherwise there is
also a positive constant depending on ǫ). Therefore, it suffices to show that the embedding:
i : H1(Cǫ(N)) →֒ L2(Cǫ(N)), is compact. Let (C˜ǫ(N), g˜) = ((0, ǫ)×N, dr2+h) be a finite
cylinder, and W 1,20 (C˜ǫ(N)) be the usual Sobolev space on the cylinder C˜ǫ(N), which is
the completion of C∞0 (C˜ǫ(N)) with respect to the norm:
‖u‖
W 1,2(C˜ǫ(N))
=
∫
C˜ǫ(N)
(u2 + |∇˜u|2g˜)dvolg˜,
where ∇˜u is the gradient of u with respect to the metric g˜. It is clear that the mapping:
L2(Cǫ(N), g) → L2(C˜ǫ(N), g˜)
u 7→ u˜ = r n−12 u
is unitary, where n = dim(N) + 1. We will show that
(3.6) ‖u‖H1(Cǫ(N)) ≥
3
4
min{1, 1
ǫ2
}‖u˜‖
W 1,2(C˜ǫ(N))
,
for all u ∈ C∞0 ((0, ǫ)×N). This then completes the proof, since the embedding
W 1,20 (C˜ǫ(N)) →֒ L2(C˜ǫ(N), g˜)
is compact by the classical Rellich Lemma.
Now we prove the inequality (3.6). Let 0 = µ1 < µ2 ≤ µ3 ≤ · · · ր +∞ be the eigen-
values (counted with multiplicity) of the Laplacian, −∆N , on the compact Riemannian
manifold (N, h), and ψ1, ψ2, ψ3, · · · be corresponding orthonormal eigenfunctions. Let
u ∈ C∞0 ((0, ǫ)×N). We expand the function u and u˜, respectively, as
u(r, x) =
∞∑
i=1
ui(r)ψi(x),
u˜(r, x) =
∞∑
i=1
u˜i(r)ψi(x),(3.7)
where ui(r) = r
−n−1
2 u˜i(r).
‖u‖2H1(Cǫ(N)) =
∫
Cǫ(N)
(
1
r2
u2 + |∇u|2g)dvolg =
∫
Cǫ(N)
(
1
r2
u2 + |∂ru|2 + 1
r2
|∇Nu|2h)dvolg
=
∫ ǫ
0
∫
N
[
1
r2
(
∞∑
i=1
ui(r)ψi(x))
2 + (
∞∑
i=1
u
′
i(r)ψi(x))
2
+
1
r2
(
∞∑
i=1
ui(r)∇Nψi(x))2]rn−1dvolhdr
9=
∫ ǫ
0
[
1
r2
∞∑
i=1
(ui(r))
2 +
∞∑
i=1
(u
′
i(r))
2 +
1
r2
∞∑
i=1
µi(ui(r))
2]rn−1dr
=
∫ ǫ
0
[
1
r2
∞∑
i=1
(u˜i(r))
2 +
∞∑
i=1
(−n− 1
2
1
r
u˜i(r) + u˜
′
i(r))
2 +
1
r2
∞∑
i=1
µi(u˜i(r))
2]dr
=
∫ ǫ
0
[
1
r2
∞∑
i=1
(1 +
(n− 1)(n− 3)
4
+ µi)(u˜i(r))
2 +
∞∑
i=1
(u˜
′
i)
2]dr
≥
∫ ǫ
0
[
∞∑
i=1
(
3
4
+ µi)
1
r2
(u˜i(r))
2 +
∞∑
i=1
(u˜
′
i)
2]dr ≥ 3
4
min{1, 1
ǫ2
}‖u˜‖2
W 1,2(C˜(N))
Here in the above we have used the identity
∫ ǫ
0
1
r
u˜i(r)u˜
′
i(r) dr = 1/2
∫ ǫ
0
1
r2
(u˜i(r))
2 dr. 
Proof of Theorem 3.1. As in the proof of Lemma 3.2, it suffices to show that H1(M) →֒
L2(M) is compact. Because (Up \ {p}, g|Up\{p}) is isometric to ((0, ǫ) × N, dr2 + r2hr),
where hr = h0 + o(r
α), for some α > 0, if we define g0 = dr
2 + r2h0 on (0, ǫ) × N , there
exists 0 < ǫ1 <
ǫ
4
, such that on (0, ǫ1)×N ,
1
2
g0 ≤ g ≤ 2g0.
Then for any u ∈ C∞0 ((0, ǫ)×N), we have
(3.8)
1
21+
n
2
‖u‖2H1(Cǫ1 (N),g0) ≤ ‖u‖
2
H1(Cǫ1 (N),g)
≤ 21+n2 ‖u‖2H1(Cǫ1 (N),g0),
(3.9)
1
2
n
2
‖u‖2L2(Cǫ1 (N),g0) ≤ ‖u‖
2
L2(Cǫ1 (N),g)
≤ 2n2 ‖u‖2L2(Cǫ1 (N),g0).
By Lemma 3.2, inequalities (3.8) and (3.9) imply that the embedding
(3.10) H1(Cǫ1(N), g) →֒ L2(Cǫ1(N), g)
is compact. Set M0 = M \ (0, ǫ12 ) × N . The compactness of embedding W 1,20 (M0) →֒
L2(M0) and the compactness of the embedding (3.10) imply the compactness of the em-
bedding H1(M) →֒ L2(M).
4. Spectrum of −4∆ +R on a finite cone
In this section, we study the spectrum of the Schro¨dinger operator L = −4∆ + R on a
finite cone (Cǫ(N), g) = ((0, ǫ)×N, dr2+ r2h0) with the Dirichlet boundary condition (on
the smooth boundary). By using the compact embedding results obtained in the previous
section and establishing a semi-boundedness estimate for the operator L, we show that
the spectrum of the Friedrichs extension of L on a finite cone with the Dirichlet boundary
condition consists of discrete eigenvalues with finite multiplicities.
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Let
L = −4∆g +Rg : L2(Cǫ(N))→ L2(Cǫ(N))
be a densely defined unbounded operator with the domain Dom(L) = C∞0 (Cǫ(N)).
Theorem 4.1. If the scalar curvature Rh0 on the cross section (N
n−1, h0) satisfies Rh0 >
(n− 2), then
(Lu, u)L2 ≥ δ0‖u‖H1(Cǫ(N))
for all u ∈ C∞0 (Cǫ(N)), and some constant δ0 > 0 depending on min
x∈N
{Rh0(x)} and n. In
particular, the operator (L,Dom(L) = C∞0 (Cǫ(N))) is strictly positive.
Proof. Because the manifold (Nn−1, h) is compact, and Rh0 > (n− 2), we have
min
x∈N
{Rh0(x)} > (n− 2).
And because
(n− 1)(n− 2)− 4− δ
4
[(n− 1)(n− 3) + 1] + δ → n− 2, as δ ց 0,
there exists δ0 > 0, such that
(4.1) min
x∈N
{Rh0(x)} > (n− 1)(n− 2)−
4− δ0
4
[(n− 1)(n− 3) + 1] + δ0.
Set
Lδ0 = −(4− δ0)∆g +Rg −
1
r2
δ0.
Then
L = Lδ0 − δ0∆g +
1
r2
δ0,
and for any u ∈ C∞0 (Cǫ(N)),
(Lu, u)L2 =
∫
Cǫ(N)
(Lu)u dvolg
=
∫
Cǫ(N)
(Lδ0u)u dvolg
+
∫
Cǫ(N)
[(−δ0∆gu)u+ 1
r2
δ0u
2]dvolg
=
∫
Cǫ(N)
(Lδ0u)u dvolg
+ δ0
∫
Cǫ(N)
(|∇u|2 + 1
r2
u2)dvolg
= (Lδ0u, u)L2 + δ0‖u‖H1(Cǫ(N)).
Thus it suffices to show that (Lδ0u, u)L2 ≥ 0.
11
Indeed, we claim that
(4.2) (Lδ0u, u)L2 ≥ C‖u‖L2,
for all u ∈ C∞0 (Cǫ(N)), where
C = min{min
x∈N
{Rh0(x)} − [(n− 1)(n− 2)−
4− δ0
4
((n− 1)(n− 3) + 1) + δ0], 1} > 0.
Now we prove the claim (4.2). For any u ∈ C∞0 (Cǫ(N)), we similarly expand it in terms
of an orthonormal basis of eigenfunctions ψi(x), this time, of operator −(4 − δ0)∆h0 +
Rh0 − δ0 on Nn−1, with eigenvalues µi,
(4.3) u =
∞∑
i=0
ui(r)ϕi(x).
Then by using (1.6) and (1.7),
Lδ0u =
∞∑
i=0
{−(4− δ)u′′i (r)− (4− δ)
n− 1
r
u′i(r)−
1
r2
[−µi + (n− 1)(n− 2)]ui(r)}ψi.
Again u˜i(r) = r
n−1
2 ui(r), and hence
Lδ0u =
∞∑
i=0
{−(4 − δ0)u˜′′i +
1
r2
[µi − (n− 1)(n− 2) + 4− δ0
4
(n− 1)(n− 3)]u˜i(r)}r−n−12 ψi.
Because µi → +∞ as i → +∞, we can take large enough i0 ∈ N such that for all
i ≥ i0, µi − (n− 1)(n− 2) + 4−δ04 (n− 1)(n− 3) > 1.
(Lδ0u, u)L2 =
∫ ǫ
0
∫
N
{
∞∑
i=0
[−(4 − δ0)u˜′′i (r) +
1
r2
(µi − (n− 1)(n− 2)
+
4− δ0
4
(n− 1)(n− 3))u˜i(r)]r−n−12 ψi}{
∞∑
j=0
u˜j(r)r
−n−1
2 ψi}rn−1dvolh0dr
=
∫ ǫ
0
∞∑
i=0
(4− δ0)(u˜′i(r))2dr
+
∫ ǫ
0
∞∑
i=0
{ 1
r2
[µi − (n− 1)(n− 2) + 4− δ0
4
(n− 1)(n− 3)](u˜i(r))2}dr
=
∫ ǫ
0
i0∑
i=0
(4− δ0)(u˜′i(r))2dr
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+
∫ ǫ
0
i0∑
i=0
{ 1
r2
[µi − (n− 1)(n− 2) + 4− δ0
4
(n− 1)(n− 3)](u˜i(r))2}dr
+
∫ ǫ
0
∞∑
i=i0+1
(4− δ0)(u˜′i(r))2dr
+
∫ ǫ
0
∞∑
i=i0+1
{ 1
r2
[µi − (n− 1)(n− 2) + 4− δ0
4
(n− 1)(n− 3)](u˜i(r))2}dr
Denote by I the sum of the first two terms and II that of the last two terms.
By using the Hardy’s inequality,
I =
∫ ǫ
0
i0∑
i=0
(4− δ0)(u˜′i(r))2dr
+
∫ ǫ
0
i0∑
i=0
{ 1
r2
[µi − (n− 1)(n− 2) + 4− δ0
4
(n− 1)(n− 3)](u˜i(r))2}dr
≥
∫ ǫ
0
i0∑
i=0
4− δ0
4
1
r2
(u˜i(r))
2dr
+
∫ ǫ
0
i0∑
i=0
{ 1
r2
[µi − (n− 1)(n− 2) + 4− δ0
4
(n− 1)(n− 3)](u˜i(r))2}dr
≥ {min
x∈N
{Rh0(x)} − [(n− 1)(n− 2)
− 4− δ0
4
((n− 1)(n− 3) + 1) + δ0]}
∫ ǫ
0
1
r2
i0∑
i=0
(u˜i(r))
2dr
≥ C
∫ ǫ
0
i0∑
i=0
(u˜i(r))
2dr.
On the other hand, since µi − (n− 1)(n− 2) + 4−δ04 (n− 1)(n− 3) > 1 for all i > i0,
II =
∫ ǫ
0
∞∑
i=i0+1
(4− δ0)(u˜′i(r))2dr
+
∫ ǫ
0
∞∑
i=i0+1
{ 1
r2
[µi − (n− 1)(n− 2) + 4− δ0
4
(n− 1)(n− 3)](u˜i(r))2}dr
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≥
∫ ǫ
0
∞∑
i=i0
(u˜i(r))
2dr
≥ C
∫ ǫ
0
∞∑
i=i0
(u˜i(r))
2dr.
This proves the claim (4.2). And the proof is complete. 
Corollary 4.2. If the scalar curvature Rh0 on (N
n−1, h0) satisfies Rh0 > (n − 2), then
the operator (L,Dom(L) = C∞0 (Cǫ(N))) has a self-adjoint strictly positive Friedrichs
extension (L˜, Dom(L˜)). Moreover, Dom(L˜) ⊂ H1(Cǫ(N)), L˜ is injective, and the image
Ran(L˜) = L2(Cǫ(N)).
Proof. The existence of the self-adjoint strictly positive and surjective extension follows
from the Neumann Theorem in [EK96], because the operator (L,Dom(L)) is strictly
positive by Theorem 4.1. Moreover, from Theorem 4.1, we can obtain that the completion
of C∞0 (Cǫ(N)) with respect to the norm ‖u‖L = (Lu, u)L2 is a subspace of H1(Cǫ(N)).
Thus from the construction of the Friedrichs extension in the proof of the Neumann
theorem in [EK96], we can easily see that Dom(L˜) ⊂ H1(Cǫ(N)). 
Theorem 4.3. If the scalar curvature of (Nn−1, h0), Rh0 > (n− 2), then the spectrum of
the Friedrichs extension of the operator −4∆g + Rg on (Cǫ(N), g = dr2 + r2h0) consists
of discrete eigenvalues with finite multiplicities
λ1 ≤ λ2 ≤ λ3 ≤ · · · ,
and λk → +∞ as k → +∞. Moreover, the corresponding eigenfunctions {ϕi}∞i=1 form a
complete basis of L2(Cǫ(N)).
Proof. By the Corollary 4.2, the Friedrichs extension L˜ : Dom(L˜) → L2(Cǫ(N)) is one-
to-one and onto. And its inverse
L˜−1 : L2(Cǫ(N))→ Dom(L˜) →֒ H1(Cǫ(N)) →֒ L2(Cǫ(N))
is a self-adjoint compact operator, because the embeddding H1(Cǫ(N)) →֒ L2(Cǫ(N)) is
compact. Then the spectrum theorem of self-adjoint compact operators completes the
proof. 
5. Spectrum of −4∆ +R on compact manifolds with a single conical
singularity
In this section, we study the spectrum of the Schro¨dinger operator −4∆+R on compact
Riemannian manifolds with a single conical singularity. By using the semi-boundedness
estimate for the operator −4∆+R on finite cones in Theorem 4.1, we establish a similar
estimate for the operator−4∆+R on compact Riemannian manifolds with a single conical
singularity. Then, we prove that the spectrum of the Friderichs extension of the operator
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−4∆ +R on compact Riemannian manifolds with a single conical singularity consists of
discrete eigenvalues with finite multiplicities.
Theorem 5.1. Let (Mn, g, p) be a compact Riemannian manifold with a single conical
singularity at p. If the scalar curvature Rh0 on (N
n−1, h0) satisfies Rh0 > (n − 2), then
there exists a large enough constant A, such that the operator LA = −4∆g + Rg + A
satisfies:
(LAu, u)L2(M) ≥ C‖u‖H1(M)
for all u ∈ C∞0 (M\{p}) and some constant C > 0. In particular, the operator (LA, Dom(LA) =
C∞0 (M \ {p})) is strictly positive.
Proof. The conical neighborhood (Up \{p}, g|Up\{p}) of conical singularity p is isometric to
((0, ǫ)×N, dr2+ r2hr), where hr = h0+ o(rα), for some α > 0. Then the scalar curvature
on the conical neighborhood is given by
(5.1)
Rg =
1
r2
(Rhr − (n− 1)(n− 2) + o(rα))
=
1
r2
(Rh0 − (n− 1)(n− 2) + o(rα)).
Because Rh0 > (n− 2), there exists β(n) ∈ (0, 1) such that
Rh0 > (n− 1)[
1
β(n)2n+2
(n− 2)− (n− 3)]− 1.
Then there exists ǫ(n) > 0, such that on (0, ǫ(n))×N ,
β(n)2g0 ≤ g ≤ 1
β(n)2
g0,
β(n)Rh0 ≤ r2Rg + (n− 1)(n− 2) ≤
1
β(n)
Rh0 .
For any u ∈ C∞0 ((0, ǫ(n))×N), we have
(Lu, u)L2(Cǫ(n)(N)) =
∫
Cǫ(n)(N)
(−4∆u +Ru)u dvolg
=
∫
Cǫ(n)(N)
(4|∇u|2 +Ru2)dvolg
≥
∫
Cǫ(n)(N)
[4β(n)n+1|∇u|2g0 +
1
r2
β(n)n+1Rh0u
2
+
1
r2
(−(n− 1)(n− 2)) 1
β(n)n+1
]dvolg0
= β(n)n+1
∫
Cǫ(n)(N)
[−4∆g0u
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+
1
r2
(Rg0 − β(n)−2n−2(n− 1)(n− 2))u]u dvolg0
≥ β(n)n+1C1‖u‖H1(Cǫ(n)(N))
The last inequality follows the same argument as in Theorem 4.1, i.e. for any u ∈
C∞0 ((0, ǫ(n))×N),
(5.2) (Lu, u)L2(Cǫ(n)(N)) ≥ β(n)n+1C1‖u‖H1(Cǫ(n)(N))
We cover the manifoldM by the conical neighborhood (0, ǫ(n))×N of singularity p and
the interior part M0 =M\C(0, 1
8
ǫ(n))(N). We construct a partition of unity subordinate to
this covering as following. Let ρ1 a function on Cǫ(N) satisfying
ρ1(r, x) =
{
1, 0 < r < ǫ(n)
4
0, r > ǫ(n)
2
,
with 0 ≤ ρ1(r, x) ≤ 1. We extend ρ1 trivially to the whole M , i.e. set ρ1|M\Cǫ(n)(N) ≡ 0,
and we still use ρ1 to denote the extended function. Let ρ2 = 1 − ρ1. Then {ρ1, ρ2} is a
partition of unity subordinate to the covering {Cǫ(n)(N),M0}.
For any u ∈ C∞0 (M),
(LBu, u) =
∫
M
(LBu1 + LBu2)(u1 + u2)dvolg
=
∫
M
(LBu1)u1dvolg +
∫
M
(LBu1)u2dvolg
+
∫
M
(LBu2)u1dvolg +
∫
M
(LBu2)u2dvolg,
where u1 = ρ1u, u2 = ρ2u, and LB = L+B for some B > 0.
By (5.2), we have∫
M
(LBu1)u1dvolg ≥ β(n)nC1
∫
M
(χ2|u1|2 + |∇u1|2)dvolg,
where C1 is a positive constant.
Because u2 is compactly supported in M0 and R is bounded on M0, i.e. there exists
C2 < 0 such that R > C2 on M0, we have∫
M
(LBu2)u2dvolg =
∫
M0
(−4∆u2 + (R +B)u2)u2dvolg
=
∫
M0
(4|∇u2|2 + (R +B)|u2|2)dvolg
≥ C2
∫
M0
(|∇u2|2 + χ2|u2|2)dvolg
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By integration by parts,∫
M
(LBu1)u2dvolg =
∫
M
(LBu2)u1dvolg
=
∫
M
〈∇u1,∇u2〉dvolg +
∫
M
(R +B)u1u2dvolg
=
∫
M
〈u∇ρ1 + ρ1∇u, u∇ρ2 + ρ2∇u〉dvolg
+
∫
M
(R +B)u1u2dvolg
=
∫
M
u2(∂rρ1)(∂rρ2)dvolg +
∫
Cǫ(N)
uρ2(∂rρ1)(∂ru)dvolg
+
∫
Cǫ(N)
uρ1(∂rρ2)(∂ru)dvolg +
∫
Cǫ(N)
ρ1ρ2|∇u|2dvolg
+
∫
M
(R +B)u1u2dvolg.
Then we have ∫
M
u2(∂rρ1)(∂rρ2)dvolg > C3
∫
M
u2dvolg,
for some negative constant C3, and∫
Cǫ(N)
uρ2(∂rρ1)(∂ru)dvolg =
∫ ǫ
0
∫
N
uρ2(∂rρ1)(∂ru)r
n−1dvolhrdr
= −1
2
∫ ǫ
0
∫
N
(∂rρ2)(∂rρ1)u
2rn−1dvolhrdr
− 1
2
∫ ǫ
0
∫
N
ρ2(∂
2
rρ1)u
2rn−1dvolhrdr
− 1
2
∫ ǫ
0
∫
N
u2
ρ2(∂rρ1)
r
(n− 1)rn−1dvolhrdr
− 1
2
∫ ǫ
0
∫
N
u2ρ2(∂rρ1)tr(h
−1
r
∂
∂r
hr)r
n−1dvolhrdr
> C4
∫
M
u2dvolg,
for some negative constant C4.
17
Similarly, we have ∫
Cǫ(N)
uρ1(∂rρ2)(∂ru)dvolg > C5
∫
M
u2dvolg,
for some negative constant C5.
Thus ∫
M
(LBu1)u2dvolg >
∫
M
(ρ1ρ2|∇u|2 + (R +B)u1u2)dvolg
+ (C3 + C4 + C5)
∫
M
u2dvolg
>
∫
M
(ρ1ρ2|∇u|2 + u1u2)dvolg
+ C6
∫
M
u2dvolg,
where, C6 = C3 + C4 + C5
In the same way one also derives
(u1, u2)H12 (M) < C7
∫
M
(ρ1ρ2|∇u|2 + u1u2)dvol + C8
∫
M
u2dvolg,
for some C7 > 0, such that
1
C7
< β(n)nC1, C2, and C8 > 0
Thus ∫
M
(LBu1)u2dvolg >
1
C7
(u1, u2)H12 (M) + (C6 −
C8
C7
)
∫
M
u2dvolg,
and therefore, ∫
M
(LBu)udvolg >
1
C7
(u, u)H12(M) + 2(C6 −
C8
C7
)
∫
M
u2dvolg.
Let A = B + 2(C8
C7
− C6), then we have∫
M
(LAu)u dvolg >
1
C7
(u, u)H12(M).
In particular,
(LAu, u)L2 >
1
C7
‖u‖2L2,
i.e. (LA, Dom(LA) = C
∞
0 (M)) is strictly positive. 
By Theorem 3.1, Theorem 5.1, and applying the similar argument as in the proof of
Theorem 4.3 to the operator LA = −4∆g + Rg + A, we obtain the following spectrum
property for −4∆g+Rg, as the spectrum of −4∆g+Rg is a constant shift of the spectrum
of LA.
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Theorem 5.2. Let (M, g, p) be a compact Riemannian manifold with a single conical
singularity p. If the scalar curvature Rh0 on (N
n−1, h0) satisfies Rh0 > (n − 2), then the
spectrum of the Friedrichs extension of the operator −4∆ + R on (M, g, p) consists of
discrete eigenvalues with finite multiplicity
λ1 ≤ λ2 ≤ λ3 ≤ · · · ,
and λk → +∞. And the corresponding eigenfunctions {ϕi}∞i=1 form a complete basis of
L2(M). Moreover, each eigenfunction ϕi ∈ C∞(M\{p}) and satisfied the usual eigenvalue
equation on M \ {p}.
The last part is an easy consequence of the standard elliptic regularity theory for weak
solutions.
6. Min-max principle for eigenvalues of −4∆ +R + A
The first eigenvalue of the Laplacian on compact manifolds (with certain boundary
condition if the boundary is not empty) can be characterized as the infimum of the
Rayleigh quotient over the space of admissible functions. And other eigenvalues can be
characterized similarly. This is usually known as the min-max principle of eigenvalues
of the Laplacian. The min-max principle is a fundamental tool for studying eigenvalue
and eigenfunction problems of the Laplacian. For example, the min-max principle is a
crucial ingredient for the proof of Courant’s nodal domain theorem for eigenfuctions of the
Laplacian, see e.g. [Cha84] and [SY94]. As an immediate consequence of the Courant’s
nodal domain theorem, the first eigenvalue of the Laplacian is simple.
The key to establish the min-max principle for an eigenvalue problem is to choose a
suitable space of admissible functions. According to the estimate for LA in Theorem 5.1,
it turns out that the weighted Sobolev space H1(M) is the space of admissible functions
for establishing the min-max principle for eigenvalues of the operator LA obtained in
Theorem 5.2.
Define the Dirichlet energy for the operator LA as the symmetric bilinear form
(6.1) D(φ, ψ) =
∫
M
〈∇φ,∇ψ〉dvolg +
∫
M
(R + A)φψdvolg,
for all φ and ψ in C∞0 (M).
By definition, it is easy to see that
(6.2) |D(φ, ψ)| ≤ C(g, A)‖φ‖H1(M)‖ψ‖H1(M),
for any φ and ψ in C∞0 (M), and some constant C(g, A) only depending on the metric g
and constant A. Thus, the symmetric bilinear form D can be extended to H1(M), and
we still use the notation D(φ, ψ) for φ and ψ in H1(M).
Clearly,
(6.3) D(φ, ψ) = (LAφ, ψ)L2(M),
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for all φ and φ in C∞0 (M). Then, according to the estimate (6.2), the equality (6.3) holds
for all φ ∈ C∞0 (M) and ψ ∈ H1(M). And we can extend the equality (6.3) further as the
following.
Lemma 6.1.
(6.4) D(φ, ψ) = (L˜Aφ, ψ)L2(M),
for all φ ∈ Dom(L˜A) and ψ ∈ H1(M), where L˜A is the Friderichs extension of LA.
Proof. According to the construction of the Friedrichs extension L˜A (see, e.g., the proof
of the Neumann theorem in [EK96]),
Dom(L˜A) ≡ C∞0 (M) ∩Dom(L∗A) ⊂ H1(M)
L˜A ≡ L∗A|Dom(L˜A),
where C∞0 (M) is the completion of C
∞
0 (M) with respect to the norm defined by ‖φ‖2LA =
(LAφ, φ)L2(M).
For any φ ∈ Dom(L˜A) ⊂ H1(M), and ψ ∈ C∞0 (M),
(6.5) (L˜Aφ, ψ)L2(M) = (L
∗
Aφ, ψ)L2(M) = (φ, LAψ)L2(M) = D(φ, ψ).
Then, by combining with the estimate (6.2), we complete the proof. 
Lemma 6.1 tells us that H1(M) is the space of admissible functions for the eigenvalue
problem of LA, and enables us to establish the following min-max principle for eigenvalues
of LA.
Theorem 6.2. Let 0 < λ1 ≤ λ2 ≤ · · · , and λk → +∞ as k → +∞, be eigenvalues of
LA. We can choose eigenfuctions ui such that LAui = λiui and {u1, u2, u3, · · · } form a
complete orthonormal basis of L2(M). Then
λ1 = inf{ D(u, u)‖u‖L2(M) | u ∈ H
1(M)},
λi = inf{ D(u, u)‖u‖L2(M) | u ∈ H
1(M), (u, uj)L2(M) = 0, j = 1, · · · , i− 1},
for all i = 2, 3, 4, · · · .
Moreover, a function u ∈ H1(M) realizes the above infimum for λi if and only if u is
an eigenfunction of LA with the eigenvalue λi.
Recall, the nodal set of a continuous function u : Mn → R is the set u−1(0), and a
nodal domain of u is a connected component of M \ u−1(0).
In general, the nodal sets could be very strange. However, S. Y. Cheng’s result for
local behavior of nodal sets says that the nodal set of a solution to a elliptic equation
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(∆ + h(x))u = 0, where h ∈ C∞(Mn), is a (n − 1)-dimensional smooth manifold after
removing a lower dimensional closed set (see, e.g. Theorem 6.1 in Chapter 3 of [SY94]).
By Theorem 6.2 and S. Y. Cheng’s result, and applying the argument in the proof of
Theorem 6.2 in Chapter 3 of [SY94], we can obtain the following Courant’s nodal domain
theorem for eigenfunction of LA.
Theorem 6.3. Let λi be the i-th eigenvalue of LA, and ui be a corresponding eigenfuction.
Then the number of nodal domains of ui is less than or equal to i.
Corollary 6.4. The first eigenvalue of LA is simple.
7. Asymptotic behavior of eigenfunctions of −4∆ +R on compact
manifolds with a single cone-like singularity
In this section, we obtain an asymptotic expansion for eigenfunctions of −4∆ + R near
the singularity on manifolds with a single cone-like singularity. The precise geometric
structure near the singularity enables us to explicitly express eigenfunction in terms of
some hypergeometric functions, and eigenvalues and eigenfunctions of the operator −4∆+
R on the cross section.
Let (Mn, g, p) be a compact Riemannian manifold with cone-like singularity p, and Up
be a neighborhood of p so that Up\{p} is diffeomorphic to (0, ε) × N , and on Up\{p},
g = dr2 + r2h0. Let µ1 < µ2 ≤ µ3 ≤ · · · be eigenvalues of the operator −4∆h0 + Rh0 on
the Riemannian manifold (N, h0), which is the cross section of the conical neighborhood
Up of p, and ψ1, ψ2, ψ3, · · · be corresponding normalized eigenfunctions, i.e. ‖ψi‖L2 = 1.
By using the classical Sobolev embedding theorem and elliptic regularity, with s = 2n,
we have
‖ψi‖L∞ ≤ Ks‖ψi‖W s,2
≤ KsCs(‖ψi‖W s−2,2 + ‖(−4∆h0 +Rh0)ψi‖W s−2,2)
= KsCs(1 + |µi|)‖ψi‖W s−2,2
· · ·
≤ C(1 + |µi|)n‖ψi‖W 0,2
= C(1 + |µi|)n.
Let u be an eigenfunction of the operator −4∆g +Rg with eigenvalue λ, i.e.
(7.1) − 4∆gu+Rgu = λu.
On the conical neighborhood Up\{p}, we do the the following expansion for the eigen-
function u:
(7.2) u =
+∞∑
i=1
ui(r)ψi(x),
where x is the coordinate on N .
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By plugging (1.6), (1.7), and (7.2) in the equation (7.1), we have
−4∆gu+Rgu =
+∞∑
i=1
(−4u′′i ψi − 4
n− 1
r
u
′
iψi − 4
1
r2
ui∆g0ψi)
+
+∞∑
i=1
(
1
r2
Rg0uiψi − (n− 1)(n− 2)
1
r2
uiψi)
=
+∞∑
i=1
[−4u′′i − 4
n− 1
r
u
′
i −
1
r2
(−µi + (n− 1)(n− 2))ui]ψi.
Thus the eigenvalue equation for u translates into the following ODE for each ui(r),
(7.3) − 4u′′i − 4
n− 1
r
u
′
i −
1
r2
(−µi + (n− 1)(n− 2))ui = λui.
In other words,
(7.4) u
′′
i +
n− 1
r
u
′
i +
1
4
(λ− 1
r2
(µi − (n− 1)(n− 2)))ui = 0.
Now we solve the equation (7.4) in three cases according to the sign of λ.
Case 1: λ = 0. Then equation (7.4) becomes the following Euler equation.
(7.5) u
′′
i +
n− 1
r
u
′
i −
1
4
1
r2
[µi − (n− 1)(n− 2)]ui = 0
The general solutions are
(7.6) ui(r) = Air
−n−2
2
+
√
µi−(n−2)
2 +Bir
−n−2
2
−
√
µi−(n−2)
2 ,
where Ai and Bi are some constants. From the L
2 condition u =
+∞∑
i=0
uiψi(x) ∈ L2(M, g),
ui(r) = Air
−n−2
2
+
√
µi−(n−2)
2 for large i, i.e. Bi = 0 for large i.
Case 2: λ > 0. In this case, the equation transforms to a Bessel equation.
Let
hi(r) = (
√
λ
2
)−
n−2
2 r
n−2
2 ui(
2r√
λ
).
Then
h
′′
i (
√
λr
2
) +
1
√
λr
2
h
′
i(
√
λr
2
) + [1− 1
λr2
4
1
4
(µi − (n− 2))]hi(
√
λr
2
) = 0.
Thus
hi(
√
λr
2
) = AiJ 1
2
√
µi−(n−2)(
√
λr
2
) +BiY 1
2
√
µi−(n−2)(
√
λr
2
),
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where Ai and Bi are some constants, and Jν(z) and Yν(z) Bessel functions of first and
second kind respectively. Hence we obtain
(7.7) ui(r) = Air
−n−2
2 J 1
2
√
µi−(n−2)(
√
λr
2
) +Bir
−n−2
2 Y 1
2
√
µi−(n−2)(
√
λr
2
).
Bessel functions have the following asymptotic behavior. If ν → +∞ through real
values, with z 6= 0 fixed, then
Jν(z) ∼ 1√
2πν
(
ez
2ν
)ν ,
Yν(z) ∼ −
√
2
πν
(
ez
2ν
)−ν .
Thus as in Case 1, for large i, ui(r) = Air
−n−2
2 J 1
2
√
µi−(n−2)(
√
λr
2
), i.e. Bi = 0.
Case 3: λ < 0. We use the results in [Bat53].
If 1 +
√
µi − (n− 2) is not an integer, then
ui =Air
−n−1
2 (
√
−λr) 1+
√
µi−(n−2)
2 e−
√
−λr
2
+∞∑
k=0
(
1+
√
µi−(n−2)
2
)k
(1 +
√
µi − (n− 2))k
(
√−λr)k
k!
(7.8)
+Bir
−n−1
2 (
√−λr) 1−
√
µi−(n−2)
2 e−
√
−λr
2
+∞∑
k=0
(
1−
√
µi−(n−2)
2
)k
(1−
√
µi − (n− 2))k
(
√−λr)k
k!
,
where Ai and Bi are some constants, and (x)k = x(x+ 1) · · · (x+ n− 1).
If 1 +
√
µi − (n− 2) = 1 +m is a positive integer, then
ui =Air
−n−1
2 (
√
−λr)m+12 e−
√
−λr
2
+∞∑
k=0
(1+m
2
)k
(1 +m)k
(
√−λr)k
k!
(7.9)
+Bir
−n−1
2 (
√−λr) 1+m2 e−
√
−λr
2
(−1)m−1
m!Γ(1−m
2
)
{(
+∞∑
k=0
(1+m
2
)k
(1 +m)k
(
√−λr)k
k!
) log(
√−λr)
+
+∞∑
k=0
(1+m
2
)k
(1 +m)k
(ψ(
1 +m
2
+ k)− ψ(1 + k)− ψ(1 +m+ k))(
√−λr)k
k!
+
(m− 1)!
Γ(1+m
2
)
m−1∑
k=0
(1−m
2
)k
(1−m)k
(
√−λr)k−m
k!
},
where Ai and Bi are some constants, and ψ(x) is the logarithmic derivative of the Gamma
function Γ(x). So as in the previous cases, for the large i, Bi = 0.
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By the above explicit solutions for ui and estimates for eigenfunctions ϕi, we obtain
the following asymptotic behavior for eigenfunction u.
Theorem 7.1. Let (Mn, g, p) be a compact Riemannian manifold with a single cone-like
singularity p with Rh0 > (n − 2), and u be an eigenfunction of the operator −4∆g + Rg
on M . Then u has an asymptotic expansion at the conical singularity p as
u ∼
+∞∑
j=1
+∞∑
l=0
pj∑
p=0
rsj+l(ln r)puj,l,p,
where uj,l,p ∈ C∞(Nn−1), pj = 0 or 1, and sj = −n−22 ±
√
µj−(n−2)
2
, where µj are eigen-
values of −∆h0 +Rh0 on Nn−1.
Proof. On the conical part Up \ {p},
u(r, x) =
∞∑
i=1
ui(r)ψi(x).
Set
νi =
√
µi − (n− 2).
Case 1: λ = 0. By the solution (7.6), there exists large enough i0 ∈ N such that for all
i ≥ i0,
ui(r) = Air
−n−2
2
+
νi
2 ,
and µi > (n− 2).
For a fixed r0, u(r0, x) ∈ L2(N), and by Parseval’s identity
+∞ > ‖u(r0, x)‖L2(N) =
∞∑
i=1
|ui(r0)|2 ≥
∞∑
i=i0
|Ai|2r−(n−2)+νi0 .
Then for all r ≤ r0
2
,
∞∑
i=i0
|ui(r)ψi(x)| ≤ C
∞∑
i=i0
|Ai|r−n−22 +
νi
2 (1 + |µi|)n
= C
∞∑
i=i0
|Ai|r−
n−2
2
+
νi
2
0 (1 + |µi|)n(
r
r0
)−
n−2
2
+
νi
2
≤ C(
∞∑
i=i0
|Ai|2r−(n−2)+νi0 )
1
2 (
∞∑
i=i0
(1 + |µi|)2n(1
2
)−(n−2)+νi)
1
2
< +∞.
Thus,
∞∑
i=i0
|ui(r)ψi(x)| converges uniformly for 0 ≤ r ≤ r02 and x ∈ N .
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Case 2: λ > 0. By the solution (7.7), there exists i1 ∈ N such that for all i ≥ i1,
ui(r) = Air
−n−2
2 J 1
2
νi
(
√
λr
2
) = Air
−n−2
2 (
√
λr
4
)
νi
2
∞∑
m=0
(
√
λr
4
)2m
m!Γ(1
2
νi +m+ 1)
.
Fix r0 > 0. Then for r ≤ r0 and i > i1,
|Ai|r−n−22 1
Γ(1
2
νi + 1)
(
√
λr
4
)
νi
2 < |ui(r)| < |Ai|r−n−22 C(r0)
Γ(1
2
νi + 1)
(
√
λr
4
)
νi
2 ,
where C(r0) = e
λr20
16 . Then
+∞ > ‖u(r0, x)‖L2(N) =
∞∑
i=0
|ui(r0)|2 ≥
∞∑
i=i1
|Ai|2r−(n−2)0
1
(Γ(1
2
νi + 1))2
(
√
λr0
4
)νi.
Thus,
∞∑
i=i1
|ui(r)ϕi(x)| ≤ C(r0)C
∞∑
i=i1
|Ai|r−n−22 1
Γ(1
2
νi + 1)
(
√
λr
4
)
νi
2 (1 + |µi|)n < +∞,
again converges uniformly for 0 ≤ r ≤ r0
2
and x ∈ N .
Case 3: λ < 0. By (7.8) and (7.9) there exists i2 ∈ N such that for all i ≥ i2
ui = Air
−n−1
2 (
√
−λr) 1+νi2 e−
√
−λr
2
∞∑
k=0
(1+νi
2
)k
(1 + νi)k
(
√−λr)k
k!
.
Then for r ≤ r0
2
and i > i2
|Ai|r−n−12 (
√
−λr) 1+νi2 ≤ |ui(r)| ≤ e
√
−λr0
2 |Ai|r−n−12 (
√
−λr) 1+νi2 .
Thus, as above,
∞∑
i=i2
|ui(r)ψi(x)| ≤ e
√
−λr0
2 C
∞∑
i=i2
|Ai|r−n−12 (
√
−λr) 1+νi2 (1 + |µi|)n < +∞,
converges uniformly for 0 ≤ r ≤ r0
2
and x ∈ N .
Hence in all three cases, there exits i0 ∈ N such that
∞∑
i=i0
ui(r)ψi(x) absolutely uniformly
converges for all r ≤ r0
2
and x ∈ N . By plugging (7.6), (7.7), (7.8) or (7.9) in u(r, x) =
∞∑
i=1
ui(r)ψi(x), we obtain the asymptotic expansion.
Similarly, we can show that derivatives of the expansion series also absolutely and
uniformly converge. And the proof is then complete. 
One of the consequences of the asymptotic expansion in Theorem 7.1, combining with
the fact that eigenfunctions are in H1(M), is the following.
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Corollary 7.2. Let (Mn, g, p) be a compact Riemannian manifold with a single cone-like
singularity p with Rh0 > (n− 2). The eigenfunctions of −4∆g +Rg satisfy
u = o(r−
n−2
2 ), as r → 0.
8. Asymptotic behavior of eigenfunctions of −4∆ +R on compact
manifolds with a single conical singularity
In this section, we obtain an asymptotic order for eigenfunctions near the singularity on
manifolds with a single conical singularity. For this purpose, by using a scaling technique,
we first establish Sobolev inequality and elliptic estimate for weighted norms on a finite
(excat) cone analogous to that on Rn in [Bar86].
We first work on a finite cone (Cǫ(N) = (0, ǫ) × N, g = dr2 + r2h0). Define weighted
uniform Ckδ -norms on a finite cone Cǫ(N) as
(8.1) ‖u‖Ckδ (Cǫ(N)) = sup
Cǫ(N)
(
k∑
i=0
ri−δ|∇iu|),
for k ∈ N and δ ∈ R. When k = 0, we use Cδ to denote C0δ . Then similar to (iv) of
Theorem 1.2 in [Bar86], we use scaling technique to obtain the following weighted Sobolev
inequality.
Lemma 8.1. If u ∈ Hkδ (Cǫ(N)), and k > n2 + l, then
(8.2) ‖u‖Cl
δ
(Cǫ(N)) ≤ C‖u‖Hkδ (Cǫ(N)),
for some constant C = C(n, k, δ, ǫ).
Moreover,
|∇lu(r, x)| = o(r−l+δ) as r → 0.
Proof. Let u(r, x) be a function on the finite cone Cǫ(N), where x is a coordinate on N ,
and set
(8.3) ua(r, x) = u(ar, x),
for a positive constant a. And let Cr1,r2 = (r1, r2) × N be a annulus on the finite cone
Cǫ(N), for r1 < r2 ≤ ǫ. Then by a simple change of variables, we have
(8.4) ‖u‖Hk
δ
(Car1,ar2)
= a−δ‖ua‖Hk
δ
(Cr1,r2 )
,
and
(8.5) ‖u‖Clδ(Car1,ar2) = a
−δ‖ua‖Clδ(Cr1,r2 ).
Let Cj = ((
1
2
)j+1ǫ, (1
2
)jǫ)×N be an annulus on the cone Cǫ(N). For any fixed j ∈ N, by
choosing a = (1
2
)j, r1 = (
1
2
)ǫ, and r2 = ǫ in (8.4) and (8.5), and using the usual Sobolev
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inequality, we have
‖u‖Cl
δ
(Cj) = (
1
2
)−jδ‖u( 1
2
)j‖Clδ(C0)
≤ (1
2
)−jδC‖u( 1
2
)j‖Hkδ (C0)
= C‖u‖Hk
δ
(Cj )
≤ C‖u‖Hk
δ
(Cǫ(N)),
where the constant C is independent of j. Therefore, we obtain the Sobolev inequality
‖u‖Cδ(Cǫ(N)) ≤ C‖u‖Hkδ (Cǫ(N)).
Because ‖u‖Hk
δ
(Cǫ((N)) < ∞ we have ‖u‖Hkδ (Cj ) = o(1) as j → ∞. Therefore, we have
|∇lu(r, x)| = o(r−l+δ) as r → 0, since sup
( 1
2
)j+1ǫ<r<( 1
2
)jǫ
rl−δ|∇lu(r, x)| ≤ ‖u‖Clδ(Cj ) ≤ C‖u‖Hkδ (Cj ).

Similar to Proposition 1.6 in [Bar86], we also have the following elliptic estimate.
Lemma 8.2. If u ∈ Hk−2δ (Cǫ(N)), and Lu ∈ Hk−2δ−2 (Cǫ(N)), then
‖u‖Hk
δ
(Cǫ(N)) ≤ C(‖Lu‖Hk−2δ−2 (Cǫ(N)) + ‖u‖Hk−2δ (Cǫ(N))),
for some constant C = C(n, k, δ, ǫ).
Proof. The inequality follows from the usual interior elliptic estimates and the scaling
technique as in the proof of Lemma 8.1. 
Now we consider a finite asymptotic cone (Cǫ(N) = (0, ǫ)×N, g = dr2 + r2hr), where
hr is a family of Riemannian metrics on N satisfying hr = h0 + o(r
α) as r → 0 for some
α > 0 and a Riemannian metric h0 on N . On the finite asymptotic cone, we can also
define weighted Sobolev norms and weighted uniform Ck-norms similar to (3.1) and (8.1).
We use ‖ · ‖
H˜k
δ
(Cǫ(N))
and ‖ · ‖
C˜k
δ
(Cǫ(N))
to denote weighted norms on the finite asymptotic
cone.
We make an extra assumption for the asymptotically conical metric g = dr2 + r2hr:
(8.6) |∇i+1(hr − h0)| ∈ C−i(Cǫ(N)), for 0 ≤ i ≤ n
2
+ 2,
where the covariant derivative ∇ and the norm | · | of tensors are with respect to the
exactly conical metric dr2 + r2h0. Then asymptotic condition (8.6) of the metric implies
that ri|∇iω| is bounded for all 0 ≤ i ≤ n
2
+2, where ω is the difference tensor between the
Levi-Civita connection for the asymptotically conical metric and the one for the exactly
conical metric. And then as arguments in the proof of Theorem 3.1, for sufficiently
small ǫ, these weighted norms with respect to the asymptotically conical metric on Cǫ(N)
are equivalent to corresponding weighted norms with respect to the exact cone metric
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on Cǫ(N). Therefore, by Lemma 8.1 and Lemma 8.2, we have the following Sobolev
inequality and elliptic estimates on a sufficiently small finite asymptotic cone.
Lemma 8.3. If ǫ is sufficiently small, u ∈ H˜kδ (Cǫ(N)), and k > n2 + 1, then
(8.7) ‖u‖
C˜lδ(Cǫ(N))
≤ C‖u‖
H˜kδ (Cǫ(N))
,
for l = 0, and 1, and some constant C = C(n, k, δ, ǫ).
Lemma 8.4. If ǫ is sufficiently small, u ∈ H˜k−2δ (Cǫ(N)), and Lu ∈ H˜k−2δ−2 (Cǫ(N)), then
‖u‖H˜k
δ
(Cǫ(N))
≤ C(‖Lu‖H˜k−2
δ−2 (Cǫ(N))
+ ‖u‖H˜k−2
δ
(Cǫ(N))
),
for 2 ≤ k ≤ n
2
+2, and some constant C = C(n, δ, ǫ), where L is also the operator −4∆+R
with respect to the asymptotically conical metric.
These Sobolev inequality and elliptic estimates imply the following asymptotic order
estimate for eigenfunctions of −4∆ +R near the tip of a finite asymptotic cone.
Theorem 8.5. Let u be an eigenfunction of L = −4∆ + R on a finite asymptotic cone
(Cǫ(N), dr
2 + r2hr) with Rh0 > (n− 2) and (8.6). Then
|∇iu| = o(r−n−22 −i), as r → 0,
for i = 0 and 1.
Proof. As we only consider the asymptotic behavior of the eigenfunction near the tip of
the cone, without lose of generality, we can assume ǫ is sufficiently small so that Lemma
8.3 and Lemma 8.4 hold on Cǫ(N). In the proof of Theorem 4.3, we have obtained
that the eigenfunction u ∈ H˜1(Cǫ(N)) ≡ H˜11−n
2
(Cǫ(N)). Then Lu ∈ H˜11−n
2
(Cǫ(N)) ⊂
H˜11−2−n
2
(Cǫ(N)), since Lu is a scale multiple of u. Then by Lemma 8.4, u ∈ H˜31−n
2
(Cǫ(N)).
By applying the elliptic bootstrapping, we obtain that u ∈ H˜ [
n
2
]+2
1−n
2
(Cǫ(N)). Therefore, by
Lemma 8.3, u = o(r−
n−2
2 ), and |∇u| = o(r−n−22 −1), as r → 0. 
As a direct consequence of Theorem 8.5, eigenfunctions of −4∆+R on a manifold with
a single conical singularity have an asymptotic behavior near the singularity.
Corollary 8.6. Let (Mn, g, p) be a compact Riemannian manifold with a single conical
singularity p with Rh0 > (n − 2) and (8.6) near the singularity p. The eigenfunctions of
−4∆g +Rg on satisfy
|∇iu| = o(r−n−22 −i), as r → 0,
for i = 0 and 1.
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9. λ-functional on manifolds with a single conical singularity
In this section, we define the Perelman’s λ-functional on manifolds with a single conical
singularity and obtain its first and second variation formulae as an application of spec-
tral properties of the operator −4∆ + R obtained in the previous sections. And as an
application of the first variation formula, we obtain that the λ-functional is monotonic
increasing under the Ricci flow preserving the conical singularity.
Let (Mn, g, p) be a compact Riemannian manifold with a single conical singularity at p
with Rh0 > (n− 2) and (8.6) near p. We define the λ-functional as the first eigenvalue of
−4∆ +R. By the results on the asymptotic behavior of the eigenfunctions, we also has
λ(g) = inf{ F(g, u) |
∫
M
u2dVg = 1, u ≥ 0 u ∈ H1(M) }.
Let u be the corresponding normalized positive eigenfunction, i.e.
∫
M
u2dvolg = 1 and
(9.1) − 4∆u+Ru = λu.
Let u = e−
f
2 , then (9.1) becomes
(9.2) λ = 2∆f − |∇f |2 +R.
Let g(t) for t ∈ (−τ, τ) be a smooth family of metrics on Mn with a single conical
singularity at p satisfying Rh0(t) > (n − 2), and (8.6) near p for all g(t), and g(0) = g.
Differentiating (9.2) in t gives
(9.3) λ˙ = 2∆˙f + 2∆f˙ + R˙− ˙(|∇f |2),
where “upperdot” denotes the derivative with respect to t at t = 0. Multiplying the
equation (9.3) by e−f and then integrating over Mn, we have
(9.4) λ˙ =
∫
M
(2∆˙f + 2∆f˙ + R˙− ˙(|∇f |2))e−fdvolg.
Let’s look at the second term in the integral in (9.4).∫
M\Cǫ(N)
2∆f˙e−fdvolg =
∫
∂Cǫ(N)
(∂rf˙)e
−frn−1dvolhǫ
−
∫
M\Cǫ(N)
2〈∇f˙ ,∇f〉e−fdvolg
= o(ǫ−(n−2)−1+(n−1))
−
∫
M\Cǫ(N)
2〈∇f˙ ,∇f〉e−fdvolg
→ −
∫
M
2〈∇f˙ ,∇f〉e−fdvolg as ǫ→ 0,
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where the boundary term goes away in the limit because of the asymptotic behavior of the
eigenfunction in Theorem 8.6. Here in the above we have used (∂rf˙)e
−f = −2[(∂ru˙)u −
(∂ru)u˙] = o(r
−(n−2)−1), as r → 0.
For the other terms, plug in the standard variation formulae for the scale curvature R
and the Laplacian ∆ (see e.g. 1.174 and 1.184 in [Bes87], or [DWW05]) into (9.4). Then
similar to the second term, when we do integration by parts all boundary terms go away.
Therefore, we obtain the same first variation formula as that on the smooth compact
manifolds.
Proposition 9.1.
(9.5) λ˙ =
∫
M
〈−Ricg −Hessgf, h〉ge−fdvolg,
where h = g˙.
Corollary 9.2. The critical points of λ-functional are Ricci-flat metrics with a single
conical singularity at p.
Proof. By Proposition 9.1, a critical point is a metric g with a single conical singularity
at p satisfying
−Ricg −Hessgf = 0.
Now ∫
M\Cǫ(N)
∆(e−f )dvolg =
∫
∂Cǫ(N)
∂r(e
−f)rn−1dvolhǫ
= o(r−(n−2)−1+(n−1))
= o(1)→ 0 as r → 0,
i.e.
∫
M
∆(e−f )dvolg = 0. Therefore, the proof of Proposition 1.1.1 in [CZ06] applies
here. 
Remark 9.3. In the proof of Corollary 9.2, the asymptotic behavior of the function e−f
near the singularity plays a crucial role. In general, in the conically singular compact case,
the steady Ricci soliton equation Ricg + Hessgf = does not imply that Ricci curvature
vanishes if we do not impose any asymptotic assumption for potential function f near the
singularities. This is different from the smooth compact case.
Another application will be the monotonicity under the Ricci flow. Here we consider
the Ricci flow preserving the conical singularity. More precisely, g(t), for t ∈ [0, T ), is a
solution of Ricci flow equation ∂
∂t
g = −2Ricg on smooth manifoldM \{p}, and (M, g(t), p)
is a Riemannian manifold with a single conical singularity at p for each t ∈ [0, T ). This
kind of Ricci flow has been studied by Yin[Yin10][Yin13] and Mazzeo, Rubinstein, and
Sesum[MRS15] for surfaces, and by Vertman [Ver16] for higher dimensions case. Actually,
in [Ver16], Vertman proved the short time existence for the Ricci flow within a class of
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incomplete edge manifolds, which includes the case of manifolds with isolated conical
singularities.
As usual, twice the gradient flow of the λ-functional
∂
∂t
g = −2(Ricg +Hessgf)
is equivalent to the Ricci flow. Therefore, we have the following monotoncity propety for
the λ-functional λ(g) under the Ricci flow preserving the conical singularities.
Theorem 9.4. λ(g) is monotonically nondecreasing under the Ricci flow within the class
of compact Riemannian manifolds with isolated conical singularities satisfying Rh0 > (n−
2) on each cross section and the asymptotic condition (8.6) near each singular point.
Moreover, the monotonicity is strict unless the flow is a steady gradient Ricci soliton with
isolated conical singularities satisfying Rh0 > (n− 2) and the asymptotic condition (8.6).
Then this monotonicity property directly implies a no steady or expanding breather
result.
Definition 9.5. A Ricci flow (M, g(t)) preseving the conical singularities at p is called a
breather preserving conical singularities if for some t1 < t2 and α > 0 the metrics αg(g1)
and g(t2) only differ by a diffeomorphism; the cases α = 1, α < 1, and α > 1 correspond
to steady, shrinking, and expanding breathers preserving conical singularities, respectively.
In [Per02], Perelman proved that a breather on smooth compact manifold is a gradient
Ricci soliton. Now we can extend Perelman’s no breather theorem in steady and expanding
cases to compact manifolds with isolated conical singularities as follows.
Corollary 9.6.
(1) A steady breather preserving conical singularity within the class as in Theorem 9.4
is necessarily a steady Ricci gradient soliton preserving conical singularity.
(2) λ(g)V
2
n (g) is monotonically nondecreasing under the Ricci flow within the classes
as in Theorem 9.4 whenever it is nonpositive. Moreover, the monotonicity is strict
unless we are on a gradient Ricci soliton preserving conical singularities within the
classes as in Theorem 9.4.
(3) An expanding breather preserving conical singularity within the class as in Theorem
9.4 is necessarily an expanding gradient Ricci soliton preserving conical singularity.
Once we use the first variation formula in Proposition 9.1, the proof of Corollary 9.6 is
the same as smooth compact case (see, [Per02]).
Finally we end with the second variation which is important in studying the stability
issue.
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Proposition 9.7. At a critical point, i.e. a Ricci-flat metric g with a single conical
singularity, the second variation formula is given by
(9.6) λ¨ =
∫
M
〈−1
2
∆L,gh+ δ
∗
gδgh+
1
2
Hessg(νh), h〉ge−fdvolg,
where ∆gνh = −δg(δgh).
As we have seen in Corollary 9.2, at a critical point g of the λ-functional, Ricg ≡ 0
and f is a constant function. Thus for getting the second variation formula at a critical
point, we only need to take derivative for the gradient, −Ric − Hessf , in the integral
(9.5), and then plug the variation fomula of Ricci curvature (see, e.g. 1.174 in [Bes87], or
[DWW05]) into the integrand. And the equation (9.3) and the variation formula of the
scalar curvature R imply the Possion equation characterization of νh = trgh − 2f˙ given
at the end of Proposition 9.7.
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